High-intensity, fully coherent X-ray radiation with a tunable polarization over a wide spectral range is of great importance to many experiments. In this paper, we propose a tapered crossedpolarized undulator configuration for X-ray free electron laser oscillator (XFELO) to produce arbitrarily polarized X-ray pulses in hard X-ray region. A numerical example utilizing the parameters of the Shanghai High-Repetition-Rate XFEL and Extreme Light Facility (SHINE) is presented to demonstrate the generation of polarization controllable, fully coherent Hard X-ray pulses with 99.9% polarization degree and 20 KHz polarization switching rate. This scheme also holds the possibility to be used in cavity tunable XFELO.
INTRODUCTION
The X-ray free electron laser (XFEL) breaks new ground for X-ray science in biology, chemistry, physics, and the material sciences, for it significantly improves peak photon brilliance as well as the ability to control both the temporal duration and the spectral bandwidth of the produced light pulses compared to synchrotron radiation sources. Linear Coherent Light Source (LCLS) first produced hard X-ray FEL in 2009, after that several XFELs [1] [2] [3] [4] [5] have been constructed world widely. In recent years, a large mount of complicated schemes have been developed in pursuit of, e.g., full coherence [6, 7] , multi-color operation [8, 9] , ultra-fast operation [10, 11] , and large bandwidth operation [12, 13] , tunable polarization operation [14, 15] .
Tunable polarization is a desirable feature of XFEL user facilities in investigating many essential properties of matter. Traditionally, in soft X-ray region, the circularly polarized laser is able to produce high-resolution Fourier transform holography (FTH) images of magnetic domains [16] and to reveal the ultra-fast dynamics of spin and orbital moments in solids with femtosecond X-ray pulses [17] . In hard X-ray region, circularly polarized laser makes it possible to observe inner 3-dimensional magnetic structure with a large dichroic effect for 3d transition metals by employing bulk-sensitive X-ray magnetic circular dichroism measurement [18] [19] [20] . Further, by using the combination of hard X-ray magnetic circular dichroism spectroscopy and Bragg coherent diffractive imaging, one may gain the ability to study magnetic structure and strain mapping in a single X-ray pulse [21, 22] . Purely 45
• linearly polarized hard Xray is also in a considerable demand in quantum-electrodynamics (QED) experiments on a extreme light station [23] . * denghaixiao@zjlab.org.cn However, all free electron lasers based on planar undulators generate only a linearly polarized pulse of a fixed direction (horizontal or vertical). In order to obtain the ability to control polarization in XFEL, two kind of schemes have been proposed and applied to most XFEL facilities running in external seeding and self-amplified spontaneous emission (SASE) mode. The first method is to replace planar undulator with elliptically polarized undulator (EPU) [24] [25] [26] [27] , e.g., APPLE-type and Delta-type undulator, through which electron beam could directly generate circularly polarized radiation. This method is mainly considered to produce circularly polarized soft Xray, for reasons that its usefulness of lasing in hard Xray region has not been demonstrated and that the development of such undulators in hard X-ray region will be expensive. In addition, XFELs equipping EPU are unable to fast switch polarization state of the produced radiation, for switching process need slow movement of undulator magnets. Therefor, EPU may not be suitable for a superconducting linac based high-repetitionrate XFELs which naturally enjoy a feature of fast polarization switching.
Another method for generating arbitrarily polarized X-ray is to combine two orthogonally polarized fields produced by crossed-polarized undulators. This scheme contains two planar undulator in a crossed configuration, in which two orthogonally linearly polarized fields could be generated respectively. A phase shifter inserted between the two crossed undulator parts could control the phase difference between the two linear components, resulting in the final polarization state of the combined radiation. The crossed-polarized undulator has been proposed and implemented on synchrotron radiation light sources and FELs [28, 29] . The advantages of this scheme are the unlimited lasing wavelength and a low cost. However, the polarization switching experiment using crossed-polarized undulator [30] demonstrated that high polarization degree requires longitudinal coherence and stability in intensity. Thus, the significant pulse-topulse fluctuations in intensity and spectrum of the SASE XFEL may degrade the polarization performance for generating polarized hard X-ray by crossed-polarized undulator [31] .
XFEL oscillator (XFELO) is one of the candidates for producing stable fully coherent hard X-ray [32, 33] , with the help of superconducting, MHz-rate linac and highreflectivity crystal in hard X-ray region. The characteristics of an XFELO pulse, especially enhanced longitudinal coherence and stability compared to SASE XFEL, make crossed-polarized undulator scheme greatly suitable for polarization control in XFELO. The numerical simulations indicate that polarization degree can exceed 99% with RMS fluctuation of 0.1%. Furthermore, the crossed-polarized undulator is the best choice that enables XFELO to change the polarization quickly at the present time. With such polarization controllable, fully coherent X-ray, XFELO will significantly improve the capability to generate the single-shot images of spinresolved electronic structures [34] .
In this paper, we further the study of a tapered crossedpolarized undulator scheme applied to XFELO for generating fully coherent, arbitrarily polarized X-ray pulses. The paper is organized as follows. In Sec. II, a simple theoretical analysis is performed. In Sec. III, we conduct a numerical simulation with the parameters of the Shanghai High-Repetition-Rate XFEL and Extreme Light Facility (SHINE), the first hard X-ray FEL facility in China. Feasibility for using crossed-polarized undulator in a photon energy tunable XFELO is discussed in the following section. Finally, a short summary is given in Sec. V
II. THEORETICAL ANALYSIS
In XFELO, the X-ray pulses circulate in a resonant cavity formed by Bragg reflecting mirrors. In each pass, the pulse is amplified when it overlaps with the next fresh electron beam in the undulator, and the spectrum is filtered by the Bragg reflectors. In this process, the relative growth of pulse power per pass can be represented as G, and the total reflectivity of mirrors related to the cavity loss and the output can be written as R tot . When (1 + G)R tot > 1, a coherent radiation pulse would gradually grows and evolves from the spontaneous radiation. After the exponential growth, the decline of G occurs owing to the electron beam over-modulation by a highintensity intra-cavity radiation. When (1 + G)R tot = 1, the system eventually reaches saturation. Fig. 1 shows a schematic diagram of the tapered crossed-polarized undulator configuration applied to an XFELO formed by two mirrors. As two undulator sections oriented as right-angle to each other, the two linear polarized components will interact with electron beam in different undulator sections. For horizontally polarized field E H , it is always amplified by a fresh electron beam without the effects came from E V . So that amplification model of E H can be simplified as an ordinary XFELO using only first horizontal planar undulator section (length L H ). Generally, the saturation electron-to-light energy conversion efficiency of an XFELO can be simply evaluated by η H = 1/4N H where N H is the number of undulator period related to undulator length L H [35, 36] . This function shows that the saturation energy of E H is negatively proportional to the undulator length L H . Meanwhile, to guarantee the cavity stability and to growth the radiation field, a larger L H is preferable. Thus, optimization of the first stage undulator is to balance the cavity stability and output power.
For vertically polarized field E V , its amplification process would be inevitably influenced by E H through the bunched electron beam dumped at the end of the first undulator section. At saturation, the dumped electron beam has two main characters: 1) a large bunching factor; 2) a large energy spread. These characters are due to the energy modulation and density modulation of FEL amplification process with high intensity E H in the first undulator section. To amplify E V by a bunched electron beam with large energy spread, a post-saturation undulator taper is preferable.
In Kroll-Morton-Rosenbluth (KMR) model of tapered FEL [37] , the resonant phase ψ r is given by
Then, the energy extraction efficiency of vertical direction can be written as: (2) where f Λ is the fraction of trapped electrons, γ 0 is the electron energy, γ r is the resonant energy, K V is undulator parameter, E V is field amplitude of the vertically polarized radiation, c is the light speed, and m e is the electron mass [35] . Here, constant electron energy is assumed, which is a good approximation in low-gain FEL [38] . Taper profile K V (z) would be optimized ot maximize the energy extraction efficiency. The optimization of the second stage undulator is to decrease undulator length L V and to make E V close to E H .
According to the superposition principle, the total field is given by
Here, the relative phase difference φ determining the final polarization state is separated in two part as φ = φ 0 + δφ. The first, φ 0 , is the generic phase difference between the horizontal and vertical components. The second, δφ, is the additional phase modulation which can be varied by tuning the phase shifter between two undulator module.
According to FEL theory, the radiation phase changes in proportional to the inverse of the radiation amplitude multiplied by cos(ψ r ) in tapered undulator [39] . Thus, the generic phase difference φ 0 is always changing until E H and E V reaches steady-state in XFELO. The coupled system between φ 0 and E V raises difficulty in taper optimization, for the variation of φ 0 may cause serious phase mismatch in second undulator section [40, 41] .
In this case, the polarization properties can be studied using the formalism of Stokes parameters which is defined as [42] :
In the functions above, I H , I V , I 45 • , and I 135 • are the intensity for a linearly polarized components over indicated direction, I R and I L are the intensities of righthand and left-hand circularly polarized components respectively.
Using Stokes parameters in Eq. (4), the linearly and circularly polarized fraction of the resulting radiation are
Then, polarization states of light can be described, i.e., P c = 1 for right-hand circularly polarized, P c = −1 for left-hand circularly polarized, P l = 1 for linearly polarized (+45
• ), and P l = −1 for linearly polarized (135 • ). Therefor, the polarization degree can be expressed as |P c | or |P l | for circularly and linearly polarized radiation respectively. In addition, we use the on-axis radiation intensity and phase of radiation pulse to calculate the degree of polarization.
III. AN EXAMPLE DESIGN FOR SHINE
As a numerical example, we simulated an example XFELO operation with the crossed-polarized undulator configuration for SHINE. As a superconducting accelerator based XFEL, the electron beam will have an energy 8GeV and a 100 pC charge compressed to a peak current of 1000 A with repetition rate of 1MHz. Here, we note that the peak current is lower and bunch length is longer than SASE mode, because a shorter pulse would generate a larger bandwidth resulting in a lower integral reflectivity over spectrum and a larger coupling output in XFELO. So that 1000 A peak current with a longer bunch length is selected. Additionally, SHINE will equip the gap-variable separate undulators each 4 m long with a period length of 16 mm, which can be independently tuned. Phase shifter is to be inserted at the break section between two undulator segments. Additional parameters are listed in Table I . The optical cavity is built from two sapphire (0, 0, 0, 30) crystal mirrors. The length of the cavity reach 150 m so as to match the repetition rate of electron beam. For the whole cavity, the total reflectivity R tot with the Bragg energy of 14.3 keV reaches 80% (coupling output is 17%). Meanwhile, the Bragg reflecting mirror is filtering out the frequency components beyond its high-reflectivity spectral bandwidth which is nearly 13 meV. In the cavity, nine undulator segments are employed. Three of the undulator segments are horizontal, in order for the horizontally polarized radiation E H to grow. And the other six segments are vertically placed. Since intensity of E V is required to be same as it of E H , the undulator parameter K V of those six segments is carefully optimized by a evolution algorithm. Fig. 2 present a satisfy taper profile. In this case, five undulator segments would generate a E V close to E H but smaller. So six undulator segments are equipped. The last segment can be utilized to precisely control the intensity of E V . In addition, a stair-like taper is better at evaluating the real FEL performance than continuous one.
The simulations are conducted by using a combination of time-dependent FEL code GENESIS [43] , field propagation simulation code OPC [44] , and Bragg reflection simulation code BRIGHT [45] . We independently simulate FEL lasing processes in the two sections. The electron beam distribution file is dumped at the end of the first undulator section and is then used as a input in the second undulator. Fig. 3 and Fig. 4 show the simulation results including pulse energy growth, longitudinal characteristics, and transverse mode. The left plot of Fig. 3 shows the pulse energy in both horizontal (red line) and vertical (blue line) direction vs round trip, while the phase difference φ between them presented in a purple line. After a short period of struggling as the initial shot noise, the laser energy increases as it goes through the undulator again and again. Reached saturation, output pulse energy stays 162 µj at each polarized direction and total power reach 325 µj corresponding to 1.4 × 10 11 photons. Thanks to the phase of E V coupled its intensity and bunching phase of electron beam, which is with related to the phase of E H , φ varies with pulse energy. The phase difference φ variation has three stage: irregular variation; regular variation; steady-state with small oscillation. Before exponential growth, the bunching factor is not large enough to influence the phase of E V . So that E V and E H grows independently and φ varies irregularly. As phase of E V leads by bunching phase, regular variation occurs. After pulse energy saturated, φ reaches steady-state. The small φ oscillation on steady-state results from a instinctive intensity instability of E H which is a XFELO nature.
The central plot of Fig. 3 presents the spectrum of radiation pulse. The right plot of Fig. 3 shows the typical saturation power profile with a peak power of 1.2 GW. The X-ray pulse is a Gaussian-like single peak in both time and spectrum. The the FWHM spectral width is 25 meV, while the temporal width fixed by the current profile to be of about 114 fs. This corresponds to a bandwidthtemporal product of 0.68, approaching the Fourier limit of 0.44 for a Gaussian pulse profile.
It is the most important considerations in perfect polarization switching of crossed-polarized undulator that the radiation pulses from the two undulator sets should be as close to identical as possible. Fortunately, the negligible slippage effect and the narrow crystal spectral filtering width of XFELO give advantages for this goal. The negligible slippage effect guarantee the generation of two fields with nearly identical profile. The longitudinal coherence resulting from narrow crystal spectral filtering guarantee the coherent superposition of the two components. Thus, the combined radiation is expecting have a excellent polarization performance.
In addition, the transverse radiation profiles are reported in Fig. 4 . The radiation at each direction also holds a nearly identical transverse size. This is because that XFELO transverse mode will be determined by an additional focusing optical elements which is used to control the radiation size and to trap radiation. The nearly identical transverse mode would help to avoid the reduction of polarization when radiation propagate in free space between the source and exponential place.
A. Right-hand and left-hand circular polarization
Benefited from the high stability of the XFELO, the output polarized x-ray beam is expected to be of highly robustness. The statistical result is obtained over 250 shots with different initial random seeds in the GENE-SIS simulation. The circular polarization performance are presented in Fig. 5 in both left-hand (red) and righthand (blue) polarized state. The average degree of linear polarization exceeds 99.9% for both polarized state, while the RMS fluctuation levels are 0.1%. Compared to SASE XFEL, XFELO using crossed undulator could produce a very high degree polarization for left-hand and right-hand. The simulation results confirm that crossed undulator highly relies on a the coherence of two components. The results also suggest that using a comprehensive EPU in XFELO to produce circularly polarized radiation is less attractive. Such is a XFELO nature that its output has a small jitter. However, polarization degree jitter is enlarged by strong coupling between the E H and E V . This is due to that electron beam quality is more sensitive on E V and that the intensity of E H would influence the electron beam quality. So that E V gets a larger intensity jitter than E H and then the polarization degree jitter of the combined radiation is enlarged. Despite it is enlarged, the polarization jitter is expected to be much smaller than that of SASE XFEL.
B. 45
• linear and 135
We also calculated the the polarization properties of linearly polarized radiation, again by changing the phase shifter. The results are reported in Fig. (6) with related to the 45
• linearly (red) and 135
• linearly (blue) polarized state. The value for each quantity was obtained as an average over 250 shots. The two polarization states reach the same level of polarization degree of 99.9% and RMS fluctuation 0.1%, which is similar to the circularly polarized states, see Fig. 5 .
In vacuum birefringence experiments, a high intensity linearly polarized X-ray with polarization purity to about 10 −6 are required [23] . In addition, the radiation pulse should be initially oriented at an angle of 45
• in the ex- periment, for the 100 PW laser can not simply change its polarization. Currently, the 45
• linear polarization and its purity is planed to be generated by multiple polarizer, e.g. channel-cut crystal, by the reason that SASE line can not conventionally generate 45
• linearly polarized hard X-ray at SHINE. Even if SASE line generates it, the shot-to-shot intensity fluctuation will be nearly 100% while monochromator is used to increase polarization purity. In this case, XFELO with crossed-polarized undulator can significantly improve the spectral brilliance with 
C. polarization switching
To demonstrate the performance of polarization switching, the phase shifter is adjusted, which changes the polarization from 45
• linear to left-handed circular, then to right-handed circular, finally to 135
• linear. The calculated P c and P l are given in the Fig. 7 . The polarization switching is accomplished in about 50 passes, 50 microseconds for 1 MHz repetition rate, which is four orders of magnitude faster than those requiring mechanical adjustments of undulator magnets.
It is not like a single pass high-gain XFEL, in which the phase of E V will be changed immediately in next shot, that vertical field E V in XFELO will regenerate with the new phase in the next tens round trip, once the phase shifter changed phase. This is an obvious disadvantage of XFELO in comparison with SASE XFEL. A possible way to accelerate the polarization switching is to increase the single pass gain. As long as the single pass gain is large enough, the regeneration of E V could be accomplished in few round-trip.
The phase shifter change the longitudinal phase of electron beam typically by induce an additional travelled distance of electron. To achieve this, a small magnetic chicane usually is used as phase shifter. The extra distance delay induced by a magnetic chicane is
The delayed distance just few radiation wavelength. Thanks to that the required R 56 is so small and that the bunching factor could reach 0.2, the effect on bunching factor could be negligible. The resonant cavity for the energy tunable XFELO consists of four crystal mirrors [35, 46] . The photon energy is tuned by adjusting the X-ray angle of incidence on the four mirrors, see in Fig. 8 . The range of tunable energy is
where Θ = π/2−θ B , E H is Bragg energy and θ B is Bragg angle, the angle between the incident optical axis and the crystal plane, shown in Fig. 8 , Θ max is maximum tunable angle. Generally, Θ max is less than 20
• , so that the tuning energy range for 14.3 keV Bragg energy is about 917 eV. For the tunable cavity using crossed-polarized undulator to generate arbitrary polarization, one should account for the fact that the radiation at different polarized direction has non-equal phase shift and non-equal reflectivity at non-normal incidence. • , and 40
•
As mentioned above, Bragg mirror could introduce a extra phase difference between the horizontally polarized and vertically polarized components. Since the angular divergence of the XFELO beam is sufficiently smaller than the Darwin width, we only considered the effect upon relative energy ∆E. Fig. 9 shows the the reflectivity on different polarization direction and resulting phase difference (green line), while Θ is 1
• , 10
• , 20
• , and 40
• . The reflectivity is calculated with Diamond (3 3 7) reflection; E H is 14.225 keV. As the XFELO pulse is not purely monochromatic, phase shift may be significantly different for large ∆E at the edge of Darwin width. However, there is a limited effect because most of the spectral intensity is pretty contained to the center of Darwin width and the intensity in the central of Darwin width would relocate in temporal distribution with small. Thus, the high weighted average polarization degree could be maintained after Bragg reflection. Further, the crystal mirrors in a dispersive arrangement, i.e., fully symmetric (+ − −+) setting, may cancel the phase variation and transfer the circularly polarized radiation in cavity [47, 48] . In the top plot of Fig. 10 shows the reflectivity on different polarization at Θ in range from 1
• to 40
• . The reflectivity difference between horizontally polarized and vertically polarized components is small, when Θ is small. While Θ is smaller than 20
• , the ratio in the Bragg reflectivity of the two polarizations could exceed 0.85, which is acceptable and controllable. The bottom plot of Fig. 10 displays the reflectivity ratio of two components with different crystal thickness. A 200 µm thick crystal will generate nearly identical reflectivity while θ B larger than 60
• . However, using a thick crystal, output coupling would be a problem. New method to dump radiation out the cavity need to be developed, e.g., a additional thin crystal to extract a part of radiation [49] . At this situation, the intensity error due to the non-equal reflectivity can be compensated to a negligible degree by tuning the gain of each direction, e.g. by tuning the taper. Thus, non-equal reflectivity effect may not preventing the scheme from working, but limit the tunable Bragg angle and the saturation power.
Additionally, Bragg crystal mirror would produce an extra delay attributed to the time required for the radiation to penetrate crystal [46] . The penetration distance is related to the crystal extinction length which can be expressed as
where λ H is the wavelength of Bragg reflection, χ H is Fourier coefficients of the crystal electric susceptibility. P is the polarization factor, for the σ-polarization component is P = 1, and P = cos 2θ B for the π-polarization component [50] . Thus, the ratio in the extinction length of the two polarizations is | cos 2θ B |. When θ B close to 45
• , the ratio would be extremely small, which means horizontally polarized and vertically polarized components will have a highly different delay caused by Bragg diffraction. For short pulse it may become a fatal disease. The extinction length in the symmetric scattering geometry varies as Bragg energy E H of Diamond on different reflection plane is shown in Fig. 11 . Generally, L ext H ≈ 1-50 µm and it increases with Bragg Energy E H . While θ B is 70
• , | cos 2θ B | = | cos 70
• | = 0.77 and the difference of delayed distance is 0.92-46 µm. Therefor, for a large photon energy and a small θ B , one should increase the bunch length to reduce the influence of different time delay.
V. CONCLUSION
In this paper, we exploit the taper crossed-polarized undulator scheme for XFELO device in order to achieve the ultimate performance in polarization controlling, yielding the high degree of polarization with the arbitrary state, and fast switching. The undulator line is divided into two sections, and the taper profile of the second undulator is optimized to match the radiation power generated in the first undulator section. Theoretical analysis of energy extraction efficiency of two undulator sections is conducted.
We presented an illustration of the scheme for the SHINE. The proposed scheme can generate fully coherent X-ray pulses with 99.9% polarization degree and 0.1% RMS fluctuation . The polarization state can be varied arbitrarily by using a phase shifter inserted between the two undulator sections according to the needs of the user. The main advantage of this scheme appears to be high polarization degree in hard X-ray region with fast polarization switching, up to dozens-KHz level, which is four orders of magnitude faster than those requiring mechanical adjustments of EPU. The possibility for using this scheme in cavity tunable XFELO is discussed. The discussions also show that this scheme could be used in cavity tunable XFELO with limited the energy tune range, limited Bragg angle, and limited electron beam bunch length. The proposed method will provide a powerful tool for polarization experiments at X-ray FEL oscillator facilities.
